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We measure the power spectrum of density fluctuations emerged in a freely expanding quasi-
two-dimensional (2D) degenerate Bose gas and investigate the scaling behavior of the spectrum
for the expansion time. The power spectrum shows an oscillatory shape for long expansion times,
where the spectral peak positions are observed to be shifted to lower spatial frequencies than the
theoretical prediction for a non-interacting expansion case. We find the spectral peak positions
in good agreement with the recent numerical simulation presented by Mazets [Phys. Rev. A 86,
055603 (2012)], where the atom-atom interactions are taken into account. We present a mean-field
description of the interaction effect in the expansion dynamics and quantitatively account for the
observed spectral peak shifts. The spectral shift is intrinsic to the free expansion of a quasi-2D
Bose gas due to finite axial confinement. Finally, we investigate the defocussing effect in the power
spectrum measurement.
PACS numbers: 67.85.-d, 03.75.Hh, 03.75.Lm
I. INTRODUCTION
In a two-dimensional (2D) Bose gas, Bose-Einstein
condensation is prohibited at finite temperature due to
large thermal fluctuations [1, 2]. However, the system can
show superfluidity below a certain critical temperature,
where the first-order spatial correlation function decays
algebraically for large distances as g1(r) ∼ r−η. Since no
specific correlation length is involved in such a slow de-
cay, the 2D superfluid state exhibits quasi-long-range or-
der. At low temperature, the decay exponent is given as
η = 1/(nsλ
2), related with the superfluid density ns and
the thermal de Broglie wavelength λ. The Berezinskii-
Kosterlitz-Thouless (BKT) theory predicts that η is in-
creased up to a universal value of 1/4 as the temperature
approaches to the critical point [3, 4]. The superfluid-to-
normal phase transition is associated with proliferation
of free vortices, which transforms the decay behavior of
the phase coherence from algebraic to exponential.
Cold atomic systems provide a versatile platform to
study the microscopic mechanism for 2D superfluidity
and the BKT physics. It has been experimentally demon-
strated that a BKT-type phase transition occurs in a
finite-size quasi-2D Bose gas trapped in a harmonic po-
tential [5–10]. Recently, superfluid behavior was demon-
strated by measuring a critical velocity [11] and thermally
activated vortex pairs were directly observed [12]. The
power-law decay behavior of the 2D superfluid state has
been investigated using interferometric techniques [5, 6].
However, quantitative tests of the BKT predictions on
the decay exponent in the superfluid state have not been
reported yet. In particular, experimental verification of
the relation between the superfluid density and the decay
exponent is highly desirable.
Another interesting method to probe the phase correla-
∗Electronic address: yishin@snu.ac.kr
tions in atomic samples is measuring density correlations
in freely expanding samples [13]. For low-dimensional
quasicondensates, phase fluctuations in the initial sam-
ples develop into density modulations during expansion
as a result of near-field diffraction of matter wave. This
method has been successfully employed for the study of
enlongated condensates [14] and one-dimensional quasi-
condensates [15, 16]. Particularly for a homogeneous 2D
degenerate Bose gas below the BKT transition, Imam-
bekov et al. [15] showed that the power spectrum of the
density fluctuations has a self-similar, oscillatory shape
for sufficiently long expansion times. This self-similarity
is a clear manifestation of the power-law decay of the
phase coherence. Furthermore, the self-similar spectral
shape depends only on the decay exponent η, suggesting
a new route for quantitative determination of η [15, 17].
In this paper, we study the power spectrum of density
fluctuations in an expanding quasi-2D degenerate Bose
gas. In our previous experiment [18], we confirmed the
thermal nature of the phase fluctuations by investigat-
ing the temperature dependence of the spectral strength,
and demonstrated the usage of the power spectrum for
studying nonequilibrium dynamics. However, the scal-
ing behavior of the power spectrum was much different
from the theoretical prediction in Ref. [15]. In subse-
quent works [19], we found that the imaging setup in the
experiment was subject to defocussing due to the gravi-
tational free fall of the sample, which can severely affect
the measurement of density fluctuations [20].
Here we present the power spectrum of density fluc-
tuations measured by optimally focused imaging and in-
vestigate the scaling behavior of the spectrum for the
expansion time. The power spectrum exhibits an oscil-
latory shape for long expansion times as expected with
the power-law decay of the phase coherence. We find
that the spectral peak positions are shifted from those
predicted in Ref. [15] but in good agreement with the re-
cent numerical simulations including the atom-atom in-
teractions in the expansion dynamics [21]. We present
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2a mean-field description of the interaction effect in the
expansion dynamics and quantitatively account for the
observed spectral shifts. We also show that the shift is
intrinsic to the free expansion of a quasi-2D Bose gas with
finite µ0/~ωz, where µ0 is the chemical potential and ~ωz
is the axial confinement energy. Determination of the de-
cay exponent from the spectral shape is precluded in our
experiment, calling for further theoretical investigation
on the expansion dynamics.
This paper is organized as follows: In Sec. II we de-
scribe the experiment procedure to measure the power
spectrum and in particular, how we optimize the imag-
ing focus to a free falling sample. In Sec. III we present
experiment results and discuss on the interaction effect
in the scaling behavior of the power spectrum. In Sec. IV
we investigate the defocussing effect in the power spec-
trum measurement. We summarize our results in Sec. V.
II. EXPERIMENT
Our experimental setup and sample preparation pro-
cedure were described in Ref. [18, 22]. We generate
thermal 23Na atoms in the |F = 1,mF = −1〉 state
in an optically plugged magnetic quadrupole trap, and
transfer them into a single pancake-shape optical dipole
trap. A degenerate Bose gas is generated by applying
evaporation cooling with slowly ramping down the opti-
cal trap depth. The trapping frequencies of the optical
trap are (ωx, ωy, ωz) = 2pi×(3.0, 3.9, 370) Hz, where the
z direction is along the gravity. The total atom num-
ber and temperature of the sample are Nt ≈ 1.2 × 106
and T ≈ 50nK, respectively. The coherent part frac-
tion is about 0.5, which is determined from a bimodal
fit to the density distribution after expansion. The
in situ radius of the coherent part is measured to be
Ry ≈ 105 µm [12], giving an estimate of the chemical po-
tential µ0 = mω
2
yR
2
y/2 ≈ h × 190 Hz, which is less than
the confining energy ~ωz. We note that kBT/~ωz ≈ 3
and thermal populations in the axial direction is not
negligible in our sample. The dimensionless interaction
strength g = a
√
8pimωz/~ ' 0.013, where a is the 3D
scattering length.
Free expansion of the sample is initiated by turning
off the optical potential. After an expansion time te, we
measure the column density distribution n(~r; te) of the
sample by taking an absorption image along the z direc-
tion. In our setup, the sample falls along the imaging
axis due to the gravity when it is released from the trap.
Because the depth of field is about 50 µm for our imaging
resolution of ≈ 8 µm, the defocussing due to the free fall
becomes nonnegligible for te > 3 ms and the recorded im-
age would be the near-field diffraction pattern of a probe
beam after the sample.
We compensate the free fall distance by adjusting the
axial position zc of the camera in the imaging setup. In
order to find the optimal position z∗c of the camera, we
take advantage of condensates containing quantum vor-
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FIG. 1: (Color online) (a) Optical density image of a conden-
sate with quantized vortices after 17-ms of time-of-flight. (b)
Average image of the vortex core regions which are indicated
by red boxes in (a). (c) Radial profile of the density-depleted
vortex core is obtained by radially averaging the image in (b).
rv is the radial position of the first peak in the profile. (d)
rv measured for various axial positions of the camera in the
imaging setup. The optimal camera position z∗c is determined
for the minimum rv from a parabola fit (red line) to the data.
(e) z∗c as a function of the expansion time te. The solid line is
a fit line of z∗c = 4.02(7)×(gt2e/2), where g is the gravitational
acceleration.
tices, which have a spatially small structure of density-
depleted vortex cores as a reference to imaging focus.
We prepared almost pure condensates and generated vor-
tices by mechanically perturbing the condensates with
the optical plug beam [18, 19]. For a given expansion
time te, we took images for various camera positions and
determined z∗c (te) for minimizing the measured radius
of the vortex core (Fig. 1). This imaging optimization
works only for te > 10 ms when the vortex core visi-
bility is reasonably high. A parabolic fit to z∗c (te) gives
z∗c = 4.02(7) × (gt2e/2) which is well explained with the
free fall distance d = gt2e/2 and the magnification ratio
M = 2.0 of our imaging setup (g is the gravitational
acceleration).
In this work, we restrict the expansion time te ≤ 22 ms
for which the thickness of the expanding cloud is not
significant larger than the depth of field of our imag-
ing. For longer expansion times, one may employ a
spatial pumping technique to image only a cross sec-
tion of the sample [23]. In the far-field diffraction limit,
te  mR2x,y/h ∼ 1 s, the density distribution reveals the
momentum distribution of the sample [9, 24].
Density fluctuations are observed to develop in the ex-
panding sample (Fig. 2). Fig. 2(b) and (e) show examples
of density fluctuations distributions, δn(~r) = n(~r)− n¯(~r),
where n¯(~r) is the average density distribution of many re-
alizations of the same experiment. The spatial pattern
of density fluctuations appears random in each realiza-
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FIG. 2: (Color online) Images of quasi-2D condensates after
expanding for (a) te = 14 ms and (d) 21 ms. Density fluctu-
ations emerge in the course of expansion. (b) and (e) are the
density fluctuation distributions, δn(~r) = n(~r) − n¯(~r), in the
center region of the sample for (a) and (d), respectively. Here,
n¯(~r) is the average density distribution obtained from 30 re-
alizations of the same experiment. Power spectra Pe(~q; te) of
density fluctuations at (c) te = 14 ms and (f) 21 ms.
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FIG. 3: (Color online) Power spectrum of a trapped thermal
gas at high temperature. The solid line is a model fit to
the spectrum, giving the relative modulation transfer function
M2(q) of our imaging system (see text for detail).
tion and there are no noticeable features in the averaged
image. This excludes the possibility of uncontrolled mod-
ulations in the trapping potential [25].
We study the spatial density-density correlations with
the normalized power spectrum Pe(~q) of the density fluc-
tuation distribution δn(~r), which is defined as
Pe(~q; te) = 〈 1
N2
∣∣ ∫
R
d2~r ei~q·~rδn(~r; te)
∣∣2〉, (1)
where R is the analysis region set to be a 160×160 µm2
(50×50 pixel2) rectangular region in the center of the
sample and N =
∫
R d
2~r n¯(~r) is the total atom num-
ber. Over the analysis region, the local chemical po-
tential varies about 40%. We obtain Pe(~q; te) from 30
image data for each expansion time te and acquire an
1D spectrum Pe(q; te) by radially averaging the 2D spec-
trum. Because the spatial size of one pixel in the image is
smaller than the imaging resolution, the spectral signal at
high spatial frequency q > 1 µm−1 is purely contributed
from photon shot noises. We subtract the constant value
at high q from the power spectrum.
The modulation transfer function M2(~q) of our imag-
ing system is calibrated by measuring Pe(~q) for trapped
thermal gases at high temperature [26]. When the ther-
mal wavelength λ is shorter than the imaging resolution,
density fluctuations in the thermal gas appear uncorre-
lated in the image. Therefore, Pe(~q) would linearly reveal
M2(~q). From a model fit to Pe(q) for the thermal gases,
we estimateM2(q) = (1 + 102× q2.33)−1 for our imaging
(Fig. 3) [27]. Finally, we determine the power spectrum
of density fluctuations as P (q; te) = Pe(q; te)/M2(q).
III. RESULT
A. Spectral peak positions
For the case of the non-interacting expansion of a
homogeneous quasicondensate, the theory in Ref. [15]
predicts development of an oscillatory power spectrum,
where the nth peak position, qn (n = 1, 2, · · · ), closely
satisfies the relation
~q2nte/2pim ' n− 1/2. (2)
As a heuristic example to catch the physical meaning of
this relation, let’s consider the time evolution of a wave
function ψ(~r) = 1 + i|δψ| cos(~q · ~r) with |δψ|  1. This
is a superposition of three momentum states of 0, +~~q,
and −~~q, and has small density modulations of order of
|δψ|2 at t = 0. After free propagation for time t, the wave
function evolves into ψ(~r, t) = 1 + i|δψ| cos(~q ·~r)e−iφ(q,t),
where φ(q, t) = ~q2t/2m. The density modulations de-
velop as δn(t) = 2|δψ| cos(~q ·~r) sinφ+O(|δψ|2). Here, we
see that the relation in Eq. (2) corresponds to φ(q, t) =
(n− 1/2)pi, which is the condition for maximum density
modulations in the above example. The oscillation of the
power spectrum can be also described as a Talbot effect
in near-field diffraction of matter wave [15, 18, 28].
Figure 3 displays the power spectra measured for vari-
ous expansion times. It is clearly observed that an oscilla-
tory spectrum emerges in the course of expansion. In or-
der to compare the scaling behavior of the spectral peak
positions to Eq. (2), we replot the spectra in Fig. 3(b)
as functions of the dimensionless parameter ~q2te/2pim.
Apparently, the peak positions in our spectrum does not
satisfy the relation in Eq. (2), but are shifted to lower
spatial frequencies. Recently, Mazet [21] performed nu-
merical simulations of the 2D expansion of a degenerate
Bose gas taking into account the realistic condition of our
experiment and found that the atom-atom interaction ef-
fect is not negligible in the early stage of the expansion.
From the simulation results, he suggested a relation be-
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FIG. 4: (Color online) (a) Temporal evolution of the power spectrum of density fluctuations. Each spectrum is displayed with
an offset for clarity. (b) The same spectra are replotted as functions of a dimensionless parameter ~q2nte/2pim. The dotted
vertical lines indicate the theoretical prediction for the spectral peak positions from Ref. [21].
tween qn and te as ~q2nte/2pim ' 0.9(n − 0.7). Our ex-
periment results are indeed in quite good agreement with
this prediction, demonstrating the significance of the in-
teraction effect in the expansion dynamics of a quasi-2D
Bose gas.
As the trapping potential is released, the quasiconden-
sate expands fast along the axial direction, but with a
finite speed. Because the interaction energy is not imme-
diately quenched off but gradually decreases, the afore-
mentioned accumulated phase φq for a momentum state
would be larger than that in the non-interacting expan-
sion case. Then, for a given expansion time the interfer-
ence condition for maximum density modulations would
be satisfied with a smaller momentum state. This ex-
plains the observed shift direction of the spectral peak
positions.
In a mean-field description, we can make quantitative
estimation on the spectral shift. First, assuming that
the axial expansion of the sample is not affected by its
slow transverse expansion, the axial width of the sam-
ple increases proportionally to
√
1 + (ωzte)2. For reduc-
ing three-dimensional local density, the interaction en-
ergy decreases as µ(t) = µ0/
√
1 + (ωzte)2. The eigen-
state of momentum ~q is a phonon excitation with an en-
ergy of q =
√
0q(
0
q + 2µ), where 
0
q = ~2q2/2m. Under
the assumption that the phonon excitation adiabatically
transforms into the free particle state of the same mo-
mentum in the expansion dynamics, we estimate the ac-
cumulated phase φ for the momentum state as φ(q, te) =
∫ te
0
q(t)/~ dt. From the condition φ(qn, te) = (n−1/2)pi,
we have a modified relation as
~q2n
2pim
∫ te
0
√
1 +
2µ(t)
0qn
dt = n− 1
2
, (3)
including the time-varying interaction effect. This rela-
tion becomes identical to Eq. (2) when µ(t) = 0.
To check the validity of this mean-field model, we cal-
culate φ(qn, te) for the peak positions qn in the measured
spectra (Fig. 5). The peak positions are determined from
a multiple Gaussian fit to the power spectra P (q) and the
chemical potential is set to be the average local chemi-
cal potential µ¯0 = h × 128 Hz. Remarkably, φq1,2,3 are
found to be almost constant over the whole range of the
expansion time in our experiment and furthermore, their
average values are φ¯q1,2,3/pi = 0.54, 1.48, and 2.57, respec-
tively, which are very close to the values in Eq. (3). This
observation shows that the mean-field model provides a
valid picture of the interaction effect on the spectral peak
shift in the power spectrum.
It might be expected that the interaction effect would
be suppressed with increasing the axial trapping fre-
quency. To see the relative significance of the inter-
action effect in the spectral peak shift, we express the
phase φ(q, te) in terms of dimensionless quantities, q˜ =√
~/2mωzq and t˜e = ωzte, giving
φ(q, te) = q˜
2
∫ t˜e
0
√
1 +
2(µ0/~ωz)
q˜2
√
1 + t˜2
dt˜. (4)
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FIG. 5: (Color online) Accumulated phase φ(qn, te) calcu-
lated for the spatial frequencies q1 (solid circle), q2 (open
square), and q3 (open triangle) of the first, second, and third
spectral peaks, respectively, in the power spectrum data.
For long expansion time t˜e  1, the relative shift of the
spectral peak positions is determined only by µ0/~ωz,
which is a parameter representing the ‘2D-ness’ of the
quasi-2D system. For a fixed areal density, µ0/~ωz ∝
ω
−1/2
z . The spectral shift due to the interaction effect is
intrinsic to the free expansion of a quasi-2D Bose gas due
to finite axial trapping frequency.
B. Spectral shape
In the non-interacting expansion case, it is suggested
that the power-law decay exponent can be determined
from the spectral shape and/or the growth rate of the
spectral strength [15, 17]. Although we observed that
the interaction effect significantly affect the power spec-
trum during the expansion, it is still of high interest to
look into whether there is any reminiscence of the self-
similarity and characterize the modified spectral shape.
Before discussing the spectral shape, we have to men-
tion about background noises in our measurement. We
observe that the measured spectrum P (q) shows oscilla-
tory behavior with a large background offset. The mag-
nitude of the offset is almost same for all expansion times
including te = 0 ms [Fig. 4(a)]. One of the possible
sources for the offset is the thermal component coexist-
ing with the quasicondensate. With kBT/~ωz ∼ 3, there
are non-negligible thermal populations in the axially ex-
cited states. Because at T = 50 nK λ ≈ 1.6 µm is still
shorter than the imaging resolution, the contribution of
the thermal component appears as a constant offset to
the power spectrum. However, the observed offset value
is too large to be accounted for with the thermal popula-
tions. We found that this anomalous offset becomes more
noticeable for higher optical depth [27] and its magnitude
is independent of the sample temperature, but could not
identify the origin of the noises yet. In the following, we
simply focus on the oscillatory part of the power spec-
trum.
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Pm]/[P (q1)−Pm] as a function of the parameter ~q2nte/2pim.
Pm is the minimum value of P (q) for q1 < q < q2. The
symbols are the same as in Fig. 4 and the gray dotted
lines are the spectra for te < 18 ms. The inset shows
S = [P (q1)− Pm]/[P (q2)− Pm].
We characterize the evolution of the spectra shape with
a parameter S = [P (q2)−Pm]/[P (q1)−Pm] which is the
ratio of the spectral strengths of the first and the second
peaks with respect to the minimum value Pm of P (q) be-
tween the two peaks (the inset of Fig. 6). S(te) slightly
increases from 1 to 2 for te < 18 ms and then decreases
below 1. In Fig. 6, we display the overlap of the scaled
power spectra [P (q) − Pm]/[P (q1) − Pm], showing that
the width of the second spectral peak increases and be-
comes saturated after t ≥ 18 ms. The variations of S and
the spectral width indicate that the power spectrum is
not self-similar in our experiment. The atom-atom inter-
actions during the expansion can result in modification
of the spectrum shape as observed in the spectral peak
shift. Note that S is expected to be less than 1 in the
non-interacting expansion case [15, 17]. Our results call
for further theoretical investigation on the interaction-
induced modification of the spectral shape.
IV. DEFOCUSSING EFFECT
In this section, we investigate the defocus effect on the
power spectrum measurement. When the camera posi-
tion is displaced from the image plane of the sample, the
recorded image on the camera is the intensity distribu-
tion of a probe beam after propagating by the defocussing
distance after the sample. Here, the fluctuated density
distribution of the sample acts as an intensity mask for
the probe beam and the beam propagation would result
in distortion of the power spectrum.
Figure 7 shows the power spectra obtained at te =
17 ms for various camera positions around its optimal
position z∗c . As the defocussing distance d = |zc−z∗c |/M2
is increased, the spectrum becomes more oscillatory with
the peak positions qn monotonically decreasing. We con-
firmed that the power spectrum is recovered to that re-
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FIG. 7: (Color online) Defocussing effect in the power spec-
trum measurement. Power spectra were measured for various
camera positions zc near the optimal position zc. The defo-
cussing distance d = (zc− z∗c )/M2. The dashed lines indicate
the spectral peak positions calculated from Eq. (5).
ported in our previous work with d ≈ gt2e/2 [18]. We
studied the defocussing effect also with numerical simu-
lations of the probe beam propagation. First, assuming
a thin sample, we constructed an artificial intensity dis-
tribution of the probe beam right after the sample as
I(~r, d = 0) = exp(−σF−1[N√P (|~q|)eiθ(~q)]), where σ is
the cross section of the atom, F−1 is the inverse Fourier
transform, and θ(~q) is a randomly generated phase dis-
tribution. The intensity distribution I(~r, d) of the probe
beam after propagating by a distance d was calculated
by using the angular spectrum method [29], and the re-
sultant power spectrum with the defocussing effect was
obtained from I(~r, d). We confirmed the same behavior
of the spectral peak positions in the numerical simula-
tions.
In a recent study on imaging focus optimization [30],
it is shown that the defocussing effect in the power spec-
trum of a thin sample can be approximately expressed
as
Pe(q; d) = Pe(q; d = 0)× cos2 (q
2d
2k0
), (5)
where k0 is the wavenumber of the probe beam. We find
that our experimental data are satisfied with this rela-
tion (Fig. 7). The last factor, cos2 (q2d/2k0) becomes
zero when q2d/2k0 = (n − 1/2)pi, which has a close cor-
respondence to Eq.(2). This analogy stems from the fact
that the structure of the Helmholtz equation of the light
propagation is identical to that for the two-dimensional
expansion dynamics of non-interacting matter wave.
V. SUMMARY
We have investigated the scaling behavior of density
fluctuations in an expanding quasi-2D Bose gas by mea-
suring their power spectrum. The spectral peak positions
in the power spectrum were observed to be shifted to
lower spatial frequencies from the theoretical prediction
for the ideal case of non-interacting expansion. We pre-
sented a mean-field description of the interaction effect
during the expansion and quantitatively accounted for
the spectral peak shift. In our experiment, self-similarity
of the spectrum shape for long expansion times was not
observed and determination of the power-law decay ex-
ponent of the phase coherence was precluded.
Most of the previous theoretical studies on density fluc-
tuations in time-of-flight imaging rely on the assumption
of no atom-atom interactions in the expansion dynam-
ics. This work clearly demonstrated the significance of
the interaction effect, in particular for expanding quasi-
2D atomic gases. Experimentally, the interaction effect
can be suppressed in a deeper 2D regime with tighter
axial confinement (µ/~ωz  1). Alternatively, one may
consider dynamic control of the interaction strength us-
ing Feshbach resonances to forcefully turn off the in-
teractions at the beginning of the expansion [31]. Re-
cently, a quantitative study on the power-law decay of
the phase coherence was reported with non-equilibirum
exciton-polariton condensates [32].
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